We construct tachyon vacuum and half-brane solutions, using an extension of KBc algebra, in the theory around a type of identity-based marginal solutions in modified cubic superstring field theory. With explicit computations, we find that their vacuum energies are the same as those of corresponding solutions around the original theory. It implies that the vacuum energy for the identity-based marginal solution vanishes although straightforward computation of it is subtle. We also evaluate the gauge invariant overlaps for those nontrivial solutions. The values for them are deformed according to the marginal solution in the same way as the case of bosonic string field theory.
Introduction
In a recent development in string field theory (SFT), so called KBc algebra [1] is often used because of its algebraic simplicity in order to construct classical solutions and evaluate gauge invariants. In [2] , the authors have investigated "K ′ Bc algebra," where the KatoOgawa BRST operator Q B and a string field K = {Q B , B} are replaced by Q ′ and K ′ = {Q ′ , B}, respectively, in KBc algebra. Here, Q ′ is the BRST operator in a theory around a class of identity-based marginal solutions [3, 4, 5] in bosonic open SFT. Using K ′ Bc algebra, the tachyon vacuum solution on the deformed background was constructed as in [6] and vacuum energy and gauge invariant overlap are evaluated explicitly. It turned out that the value of vacuum energy does not change. But the expression of the gauge invariant overlap is deformed appropriately. In particular, for a closed tachyon vertex, a phase factor appears and it is the same value as that evaluated in [7] using a different method.
In this paper, we extend computations performed in [2] to the NS sector of modified cubic superstring field theory (SSFT) [8, 9, 10] without GSO projection. In the case of superstring, KBc algebra with a string field γ was applied to a construction of tachyon vacuum solution [11] and its variants [12, 13, 14, 15, 16] . It was further extended to "GKBcγ algebra" by including a string field G, such as G 2 = K, made of superconformal generators and then half-brane solutions, whose vacuum energy is half of that of the tachyon vacuum solution, were constructed [17] . In this context, we explore G ′ K ′ Bcγ algebra, where Q B , K and G are replaced by Q ′ , K ′ = {Q ′ , B} and G ′ (such as G ′2 = K ′ ), respectively, corresponding to K ′ Bc algebra in the bosonic case [2] . Here, Q ′ is the BRST operator in a theory around a class of identity-based marginal solutions in modified cubic SSFT [5] .
1 Around an identity-based marginal solution Ψ J , which is constructed using a supercurrent algebra, we have an explicit expression of a deformed BRST operator Q ′ . Using G ′ K ′ Bcγ algebra, we can construct various solutions to the equation of motion, Q ′ Φ + Φ 2 = 0, in the NS sector without GSO projection. In particular, we focus on a tachyon vacuum solution and a half-brane solution in the marginally deformed background and we evaluate the vacuum energy and gauge invariant overlaps for them. The results are similar to the bosonic case: The vacuum energies are the same as those for corresponding solution in the original theory. The values of the gauge invariant overlap with a closed tachyon vertex change by a phase factor just as in [2] . We find that the vacuum energy and the gauge invariant overlap for the half-brane solution in the marginally deformed background are half of those for the tachyon vacuum solution, respectively. These results are consistent with our expectation that the vacuum energy for the identity-based solution Ψ J vanishes and it corresponds to a marginal deformation. This paper is organized as follows. In the next section, we will develop G ′ K ′ Bcγ algebra in a theory around a particular identity-based marginal solution. In §3 and §4, we will calculate vacuum energy and gauge invariant overlap for a tachyon vacuum solution and a half-brane solution. Then, we will give some concluding remarks in §5. In appendix A, we will present our conventions including a brief review of GKBcγ algebra. In appendices B and C, we will show technical details. In appendix D, we will discuss the gauge invariant overlap with a closed tachyon vertex and a field redefinition induced by the identity-based marginal solution as in [7] .
2 A version of GKBcγ algebra and classical solutions in a marginally deformed background
Here, we give a version of "GKBcγ algebra" developed in [17] 2 in the theory around an identity-based marginal solution. Using this algebra, we can construct classical solutions including GSO(−) sector easily as in the original theory.
First of all, we consider a theory around a particular identity-based solution Ψ J , which is given by
where F a (z) is some function such as
, C L denotes a half unit circle: |z| = 1, Re z ≥ 0 and I is the identity state. In (2.1), the repeated indices, a, b, are contracted. The above Ψ J satisfies the equation of motion to modified cubic SSFT in the NS sector because we can show
I is an identity-based marginal solution to Berkovits' WZW-type SSFT investigated in [5] . Here, we suppose that
is a supercurrent associated with a Lie algebra, where a is its index, in the matter sector. Its component fields satisfy following operator product expansions (OPE) [23] : 5) where constants Ω ab , f ab c satisfy following relations By re-expanding the NS action of modified cubic SSFT around the solution Ψ J (2.1), the BRST operator is deformed as
where V a (F a ) and C(F a F b ) are given by integrations along the whole unit circle, |z| = 1:
The superconformal generators, L ′ n , G ′ r , corresponding to the above Q ′ (2.8) are given by
where we define the coefficients as F a,n ≡ dσ 2π e i(n+1)σ F a (e iσ ) and then
n F a,−n . Only the matter sectors of them are deformed and the central charge is not changed. Replacing
as in (A.8), (A.11). Here, σ 1 in G ′ is a Chan-Paton factor, which is involved to treat a theory without GSO projection. Because of Q ′ |I = 0, we have
where
], respectively. The above relations are consistent with a deformed version of (A.24): 15) where (−) F (Φ) is a sign factor due to worldsheet spinor. Attaching a Chan-Paton factor σ 3 and using a notationQ ′ ≡ Q ′ σ 3 , we have a deformed version of GKBcγ algebra reviewed in appendix A:
17)
We also note that
In the following, we call the above relations among string fields as G ′ K ′ Bcγ algebra, which is the same form as GKBcγ algebra. We will use the above relations extensively in various calculations.
Let us consider the action S ′ [Φ], which is obtained by re-expanding around Ψ J σ 3 , where σ 3 is the Chan-Paton factor for GSO(+) string field (A.3) in the NS action without GSO projection (A.1). More explicitly, it is defined by
The equation of motion of
Using the method in [17] with G ′ K ′ Bcγ algebra instead of GKBcγ algebra, we can easily construct a class of solutions to (2.22):
In the following sections, we consider two solutions, which correspond to
More explicitly, they are given by 
using G ′ K ′ Bcγ algebra and a deformed version of (A.4) and (A.6):
where (−) ǫ(Φ) is a sign factor from Grassmannality of Φ.
Tachyon vacuum solution
In the case of
, the expression of (3.1) is simplified as
In the second equality, we have used the form of the picture changing operator Y −2 defined in (A.7).
In order to define the inverse of a string field I + K ′ , which is denoted by 1 1+K ′ , we use the following expression:
Here, K ′ can be rewritten as
is J a in the sliver frame.) Using the expansion formula (B.4) and the methods developed in [25] , the order J N term of e −tK+tJ is computed as
where in the real part of the argument ofJ a i , y i (i = 1, 2, · · · , N) are defined as
Hence, u i can be expressed using y i and the Jacobian is computed as
Using the above, the integration in (3.9) can be rewritten as
If we use an ordering symbol T with respect to the real part of the arguments ofJ a i in the above integrations, we have
which implies the following expression of e −tK ′ = e
Therefore, (3.4) is computed as 16) where the integrand can be rewritten as
for a primary field with dimension h in the sliver frame. Furthermore, with (A.7) and (3.20) in the ghost sector, we have
The minus sign comes from Grassmannality of δ ′ (γ), which corresponds to ∂ξe −2φ in the ξηφ-expression. In the first equality, a T-ordered exponential becomes a conventional exponential in the CFT correlator and in the second equality, we have used (C.1) in the matter sector, which is essential for J-independence.
Using this result, the value of the action (3.16) is 22) which is the same as a D-brane tension. Namely, the vacuum energy of Φ T is the same as that of the tachyon vacuum solution [11, 14] in the original theory.
Half-brane solution
Let us consider the vacuum energy for Φ H (2.25). Namely in (3.1), we use
(3.23) 4 We note that 18) in the βγ-sector, which can be derived from the ξηφ-expression.
Noting the structure of the Chan-Paton factor, we have
where we have used the notation:
Some relations in worldsheet supersymmetric transformation investigated in [17] hold in the following sense:
Using the above, A 1 and A 2 given in (3.25) are rewritten as
respectively. To evaluate each term explicitly, following formulas are useful:
(T ≡ r + s + t + u), which are computed as (3.21). We should note that these values are the same as undeformed ones, namely K ′ → K thanks to the identity (C.1) in the deformed matter sector. Using these formulas, it turns out that
Therefore, the vacuum energy of Φ H is a half of that of Φ T , namely, (3.22 ) and thus we call Φ H a "half-brane" solution as in [17] .
Gauge invariant overlaps for the solutions
In this section, we evaluate gauge invariant overlaps for solutions Φ T (2.24) and Φ H (2.25) in the theory with the action (2.21). Here, we define a gauge invariant Φ V for a string field Φ after [17] as In general, for a solution Φ f ′ (2.23) to the equation of motion (2.22), the value of the above gauge invariant overlap is calculated as
where we have used
The first equation implies the cyclic symmetry and the second equation comes from the gauge invariance.
Tachyon vacuum solution
In the case of Φ T (2.24), that is, the case of f ′ = 1 1+K ′ , the gauge invariant overlap (4.2) is simplified as
0 is a derivation with respect to the star product of string fields, we have
In addition, we have the equations 8) where the second equation is derived from the first equation (see [26] for example) and (4.4). Therefore, (4.7) and (4.8) imply 9) and the integration with respect to t in (4.5) can be performed explicitly:
For computation of e −K ′ , we can apply (3.15) as in the case of the evaluation of the action:
Furthermore, using the ghost structure of the closed string vertex
the above is computed as
Generally, this value depends onJ a andṼ m in the matter sector.
In order to perform further explicit calculations, let us consider the case of (D.5) for a closed string vertex in the gauge invariant overlap and f aJ a = fJ = f
9 (z) as a supercurrent, for the identity-based marginal solution Ψ J (2.1). We expand the exponential in (4.13) as
where I (k 9 ) n is the n-th order term ofJ :
In the case of the lowest order term, I
(k 9 ) 0 corresponds to the undeformed background and it is computed as
To evaluate the other terms, following relation among CFT correlators, which is similar to (C.4), is useful:
Then, we have 18) for the first order and
for the second order, where we have used (C.6) and
((3.8) with Ω = 2, where X 9 (y)X 9 (z) ∼ −2α ′ log(y − z) in our convention, is used for the last equality.) In the same way, higher order terms can be computed and the results for even order terms and odd order terms are given by 22) respectively. Thus the gauge invariant overlap is calculated as
The exponent of the above can be rewritten aŝ
Therefore, the phase factor eÎ
, which is induced by a current J = i √ 2α ′ ∂X 9 , is exactly the same as that in (D.9) obtained by a different method. It corresponds to the phase factor appeared in [2, 7] in the case of bosonic SFT.
Half-brane solution
In the case of Φ H (2.25), or f ′ given in (3.23), the gauge invariant overlap (4.2) is simplified as 25) thanks to the structure of Chan-Paton factor. Using (4.6), (4.8) and 28) which are a deformed version of relations in [17] , the integration with respect to t in (4.25) can be explicitly performed and (4.25) is simplified as
for a derivation B 0 − B † 0 with respect to the star product, the second term of the last expression in (4.29) is calculated as
Therefore, (4.29) can be rewritten as
This value is just a half of (4.11), namely, Φ H V = 1 2 Φ T V . We notice that this relation itself does not depend on details ofJ a andṼ m in the matter sector.
Concluding remarks
We have considered a version of "GKBcγ algebra" in the theory around an identity-based marginal solution Ψ J , which is made of supercurrents associated with a Lie algebra in the matter sector, in modified cubic SSFT. Corresponding to a deformed BRST operator Q ′ , string fields G and K are deformed to G ′ and K ′ , respectively. Using these ingredients, we constructed a tachyon vacuum solution Φ T and a half-brane solution Φ H and evaluated the vacuum energy and gauge invariant overlap for them. The values of the vacuum energy for these solutions are exactly the same as those of the tachyon vacuum solution Ψ T and the half-brane solution Ψ H in the original theory, respectively. Namely,
holds, where we note the relation: Φ T V holds as in the case of the original theory. If we take a closed tachyon vertex for a Dirichlet direction as the matter part of V and ∂X 9 as a current J, a phase factor appears in the gauge invariant overlap and it is consistent with the effect caused by a field redefinition induced by Ψ J .
These results in the above support the expectation that the identity-based solution Ψ J corresponds to a marginal deformation and they are an extension of results in [2] for bosonic SFT to modified cubic SSFT.
If we take a zero momentum graviton vertex ψ µψν as a matter part of closed string vertex and J ∼ ∂X 9 in the gauge invariant overlap, the values for Φ T and Φ H are exactly the same as Ψ T and Ψ H in the undeformed background, respectively (i.e. Φ T V = Ψ T V = 2 Ψ H V = 2 Φ H V ), which can be proved in the same way as the evaluation of the action thanks to (C.1). These are reminiscent of the relation between the energy and the gauge invariant overlap in bosonic SFT [27] .
In this paper, we considered the NS sector without GSO projection and as a closed string vertex for the gauge invariant overlap, we have only considered the NS-NS sector. It may be interesting to investigate gauge invariant overlaps for closed string vertices in the R-R sector.
Here, we have considered a theory only around an identity-based marginal solution in SSFT and we found that G ′ K ′ Bcγ algebra has the same algebraic structure with undeformed GKBcγ algebra. If we consider a theory around another type of identitybased universal solutions found in [28] , we expect that the algebraic structure might be changed when a homotopy operator exists. Using such an algebra, vacuum energy and/or gauge invariant overlap might be evaluated directly.
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where we omit a symbol for the star product among string fields and · includes a trace for 2 × 2 Chan-Paton matrices and a picture changing operator with picture number (−2) denoted by Y −2 :
Here, I| is the identity state and we denoteQ ≡ Q B σ 3 in (A.1). The NS string field Ψ in the action (A.1) can be expanded as
where Ψ + (Ψ − ) is in the GSO(+) (GSO(−)) sector. In general, we havê
In this paper, we define Y −2 in (A.2) using two inverse picture changing operators:
In the above convention, we define string fields K, B, c as
,Û 1 are defined as in [25] :
, (A.9) 10) andc(z) = (cosz) 2 c(tanz) is c-ghost in the sliver frame.
Similarly, we define G, γ in the case of superstring as [17] :
whereγ(z) = (cosz) γ(tanz) is γ-ghost in the sliver frame and
, (A.13)
is a binomial coefficient and G r = [Q B , β r ] is a superconformal generator. Actually, G can be rewritten as
is a mode ofβ(z) = (cosz) −3 β(tanz) in the sliver frame:
From explicit computation using mode expansions, we find that G,
Among the above string fields, i.e., G, K, B, c and γ, we have following relations: where ∂ and δ are defined by
which satisfy the relation δ 2 = ∂.
B An expansion formula
We consider a generalization of a well-known formula,
Namely, by expanding as
for [X, δX] = 0 in general, we will find a similar expression as (B.1) for the order (δX)
. By a straightforward expansion, we have
and comparing coefficients, we find that the above can be rewritten using integrals:
C J-independence in the matter sector
In this section, we demonstrate a formula
which is essential to evaluate the vacuum energy for Φ T (2.24) and Φ H (2.25). The above result was also used in [2] in the context of bosonic SFT.
Let us define I n as the order of J n in the above · · · , namely,
To evaluate I n , we note the relation among CFT correlators:
which is the Ward identity derived from the OPE (2.5). 5 In terms of the sliver frame, we have
Using the above identity and some relations in (2.6), (2.7), we have
where C is defined in (3.8) and we have used [2] :
5 It can be obtained by calculating the contour integral [29] for example.)
In order to evaluate I n in general, we define 
D On the gauge invariant overlap and field redefinition
In this section, we comment on a relation among the gauge invariant overlaps for string fields related by a field redefinition, induced by the solution Ψ J (2.1). In the following, we consider u(1) supercurrent in the 9-th spatial direction: J (z, θ) = ψ 9 (z)+θ i √ 2α ′ ∂X 9 (z) for the identity-based marginal solution Ψ J for simplicity. Then, the BRST operator Q ′ (2.8) at the solution Ψ J (2.1) can be rewritten as a similarity transform from the conventional BRST operator Q B as [5] :
where X(F ) is given by an integration along a unit circle:
Therefore, in the NS action around Ψ J (2.21), a field redefinition:
gives the undeformed NS action with respect to a string field Φ ′ . In this sense, the solution Ψ J (2.1) induces a field redefinition (D.3).
Let us consider the effect of (D.3) for a gauge invariant overlap. In order to do that, we take V m (i, −i) = e i 2 k 9 X 9 (i) e Then, we have
because the X 9 sector of I|V(i) is proportional to [7, 30] 0| exp − Namely, the solution Ψ J (2.1) induces a phase factor in the above gauge invariant overlap. In the case of bosonic SFT, such an effect was derived in [7] .
